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Abstract
By proceeding from a simple non-polarized formalism, we consider in detail the polariza-
tion procedure as applied to the generating equations of the quantum antibracket algebra,
in terms of the parametrized generating operator.
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1 Introduction
Given a fermionic nilpotent operator Q, one can define, for any two operators X and Y ,
their quantum 2-antibracket [1, 2],
(X, Y )Q =:
1
2
([X, [Q, Y ]]− [Y, [Q,X ]](−1)(εX+1)(εY +1)), (1.1)
or the derived bracket in mathematical terminology [3, 4, 5]. These objects have very nice
algebraic properties such as the anti-symmetry, the Jacobi relations, and the Leibnitz rule. It
appears remarkably that the quantum 2-antibracket (1.1) arises naturally when studying BRST
- invariant constraint algebra [6, 7] as well as in formulating quantum dynamical equations [8]
and in the general representation of the gauge fields [9].
The quantum 2-antibracket (1.1) generalizes the usual antibracket of the field-antifield BV
formalism [10, 11] (see also [12, 13, 14]). Indeed, when being operators X and Y in (1.1)
functions of the field-antifield variables only, one identifies Q = −∆, where ∆ is the odd
Laplacian, and then uses [∆, Y ] = (∆Y ) + ad(Y )(−1)εY , to get (X, Y )Q = (X, Y )
(BV ).
In the present paper, we proceed from the non-polarized version of the (1.1) as defined at
X = Y = B, with any bosonic operator B,
(B,B)Q =: −[B, [B,Q]]. (1.2)
So, we call the (1.1) as the polarized quantum 2-antibracket. In fact, that is just being X 6= Y
we mean as the polarization, in the general sense. Given the (1.2), one can polarize that by
considering formally B = αX + βY , with α and β being the respective parameters, and then
taking the αβ derivative of the (1.2),
(X, Y )Q = ∂α∂β
1
2
(B,B)Q(−1)
εY . (1.3)
It appears that the basic definitions and the general analysis look simpler essentially in the non-
polarized formalism. On the other hand, the generating equations of the quantum antibracket
algebra can be formulated naturally in terms of the parametrized generating operator,
Q˜ =: exp{λafa}Q exp{−λ
afa}, (1.4)
being {fa} a chain of operators, and being {λ
α} the respective parameters. In this way, the gen-
erating equations of the quantum antibracket algebra do acquire their geometrically-covariant
status. We call the representation (1.4) as the parametrization. All higher quantum antibrack-
ets are defined in terms of derivatives of the generating operator (1.4) with respect to the
parameters. Complete set of the structure relations of the quantum antibracket algebra is
generated by the nilpotence of the operator (1.4).
2
2 Basics on quantum antibrackets
Let Q be a fermionic nilpotent operator,
Q : ε(Q) = 1, Q2 = 0, (2.1)
and let B be an arbitrary bosonic operator,
B : ε(B) = 0. (2.2)
Introduce a quantum 2-antibracket,
(B,B)Q =: −[B, [B,Q]], (2.3)
then we have the main property
[Q, (B,B)Q] = [[Q,B], [Q,B]]. (2.4)
Let A be the associator multiplied with a parameter β,
A =: β(B, (B,B)Q)Q. (2.5)
It follows then
[Q,A] = β[[Q,B], [[Q,B], [Q,B]]] = 0 =⇒ A = [A, Q]. (2.6)
By choosing the operator A as
A = [B, (B,B)Q] = (B,B,B)Q =: −[B, [B, [B,Q]]] =⇒ β = 6, (2.7)
we arrive at the non - polarized form of the Jacobi relation
6(B, (B,B)Q)Q = [(B,B,B)Q, Q], (2.8)
as an identity with respect to B. Indeed, denote the operators
X =: [B, [[B,Q], [B,Q]]], Y =: [[B,Q], [B, [Q,B]]], (2.9)
such that
X = −2Y. (2.10)
Then, we have
(B, (B,B)Q)Q =
1
2
(X + Y ) = −
1
2
Y, (2.11)
[(B,B,B)Q, Q] = X − Y = −3Y, (2.12)
which is equivalent to (2.8).
3
3 Polarization
In the definition (2.3), consider the Boson B of the form
B = αX + βY + γZ, (3.1)
with α, β and γ being parameters. It follows then the polarized quantum 2-antibracket
∂α∂β
1
2
(B,B)Q(−1)
εY = (X, Y )Q =:
1
2
([X, [Q, Y ]]− [Y, [Q,X ]](−1)(εX+1)(εY +1)). (3.2)
In analogy with the main property (2.4) we have its counterpart for polarized quantum
2-antibracket (3.2)
[Q, (X, Y )Q] = [[Q,X ], [Q, Y ]]. (3.3)
In turn, by using (3.2), we have the polarized version of the Jacobi relation (2.8)
(X, (Y, Z)Q)Q(−1)
(εX+1)(εZ+1) + cyclic permutations(X, Y, Z) =
= ∂α∂β∂γ(B,
1
2
(B,B)Q)Q(−1)
(εX+1)(εZ+1)+εY =
= ∂α∂β∂γ
1
2
1
6
[(B,B,B)Q, Q](−1)
(εX+1)(εZ+1)+εY =
=
1
2
[(X, Y, Z)Q, Q](−1)
(εX+1)(εZ+1). (3.4)
Thus, we identify the polarized quantum 3-antibracket,
(X, Y, Z)Q =: ∂α∂β∂γ
1
6
(B,B,B)Q(−1)
εY = (3.5)
= −(−1)(εX+1)(εZ+1)
1
3
(
[X, (Y, Z)Q](−1)
[εX(εZ+1)++εY ] + cyclic permutations (X, Y, Z)
)
.
The modified Leibnitz rule for quantum 2-antibracket (3.2) reads
(XY,Z)Q −X(Y, Z)Q − (X,Z)QY (−1)
εY (εZ+1) =
=
1
2
(
[X,Z][Y,Q](−1)εZ(εY +1) + [X,Q][Y, Z](−1)εY
)
. (3.6)
4 Parametrization
Here we include in short the generating equations for the quantum antibracket algebra [2].
Let us introduce an operator valued exponential
U = exp{λafa}, U |λ=0 = 1, (4.1)
where {fa, a = 1, 2, ...}, is a chain of operators, ε(fa) = εa, and λ
a are parameters, ε(λa) = εa.
Introduce the U -transformed Q-operator,
Q˜ = UQU−1, Q˜2 = 0. (4.2)
4
The latter equation (4.2) does generate the complete set of the higher Jacobi relations following
(3.5).
Further, we have the generating equations
∂aQ˜ = [Ra, Q˜], Ra = (∂aU)U
−1, ∂a =
∂
∂λa
, Q˜|λ=0 = Q, (4.3)
∂aRb − ∂bRa(−1)
εaεb = [Ra, Rb]. (4.4)
It follows from (4.4) that the equation holds with the Euler operator, N =: λa∂a,
(N + 1)Rb = ∂bΨ− [Rb,Ψ], (4.5)
where
Ψ = λaRa, (4.6)
is an operator describing the arbitrariness in a choice of λ parametrization.
By making the rescaling
λa → tλa, (4.7)
Ra → R˜a =: tRa(tλ), (4.8)
Ψ → Ψ˜ =: λaRa(tλ), (4.9)
we convert the equation (4.5) to the form
∂R˜b
∂t
= ∂bΨ˜− [R˜b, Ψ˜], (4.10)
with the boundary condition
R˜b|t=0 = 0. (4.11)
The Cauchy problem (4.10), (4.11) resolves in the form
R˜b(t) =
∫ t
0
dt′U(t, t′)(∂bΨ˜(t
′))U−1(t, t′), (4.12)
where U(t, t′) resolves the Cauchy problem
∂U(t, t′)
∂t
= Ψ˜(t)U(t, t′), (4.13)
U(t, t′)|t=t′ = 1. (4.14)
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In parallel to the above geometric formulae (4.10) - (4.14), we suggest a simpler derivation
for the ”current” Ra (4.3),
Ra =
∫ 1
0
dt exp{tψ}(∂aψ) exp{−tψ} =
∫ 1
0
dt exp{tad(ψ)}(∂aψ) =
=
exp{ad(ψ)} − 1
ad(ψ)
(∂aψ), (4.15)
where
ψ = λafa, (4.16)
and we have used the identity
[A, exp{B}] =
∫ 1
0
dt exp{tB}[A,B] exp{(1− t)B}, (4.17)
for A = ∂a, B = ψ.
Notice that the following relation holds between the Ψ, (4.6), and the ψ, (4.16),
Ψ =
exp{ad(ψ)} − 1
ad(ψ)
(Nψ). (4.18)
By multiplying the equation (4.10) with λb from the left we get an identity, as expected,
which implies that the Ψ˜, (4.9), is an arbitrary operator. Then, by choosing in (4.12) - (4.14)
Ψ˜ = ψ, with ψ being given in (4.16), we arrive at the representation (4.15). Indeed, it follows
from (4.10) that the equation
∂t tΨ˜ = NΨ˜ (4.19)
holds, which implies in turn
t∂t Ψ˜ = λ
aNRa(tλ). (4.20)
That is just an identity expected. Due to (4.9), the left-hand side of (4.20) rewrites in the form
λatλb
∂
∂(tλb)
Ra(tλ) = λ
aNRa(tλ). (4.21)
Thus, the Ψ˜, (4.9), remains arbitrary.
The Lie equation (4.3) and the Maurer-Cartan equation (4.4) do serve as the generating
equations for quantum antibrackets. Here we present explicitly only the case of quantum 2-
antibracket. It follows from (4.3) by λ differentiating, that
−∂a∂bQ˜(−1)
εb +
1
2
[(∂aRb + ∂bRa(−1)
εaεb)(−1)εb, Q˜] =
=
1
2
(
[Ra, [Q˜, Rb]]− (a↔ b)(−1)
(εa+1)(εb+1)
)
= (Ra, Rb)Q˜. (4.22)
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In turn, it follows from (3.5) and (4.22) that the next equation holds,
−
1
3
(−1)(εa+1)(εc+1)
(
[Ra,∆bcQ˜](−1)
(εa(εc+1)+εb) +
+ cyclic permutations (a, b, c)
)
= (Ra, Rb, Rc)Q˜, (4.23)
where we have denoted
∆ab =: −∂a∂b(−1)
εb + [Yab, (·)], (4.24)
Yab =:
1
2
(
∂aRb + ∂bRa(−1)
εaεb
)
(−1)εb. (4.25)
In the latter notation, the equation (4.22) takes the form
∆abQ˜ = (Ra, Rb)Q˜. (4.26)
It follows from (4.22) at λ = 0,
−(∂a∂bQ˜)(−1)
εb|λ=0 = (fa, fb)Q, (4.27)
where we have used
(∂aRb)|λ=0 =
1
2
[fa, fb]. (4.28)
The next equation (4.23) takes the form
∆abcQ˜ = (Ra, Rb, Rc)Q˜, (4.29)
where
∆abc = −∂a∂b∂c(−1)
εb + expression vanishing at λ = 0. (4.30)
In its more explicit form, the second term in right-hand side in (4.30) reads
expression =:
1
3
(−1)(εa+1)(εc+1)
{(
∂b[∂cRa, (·)](−1)
εa(εb+εc) + [∂bRa, ∂c(·)](−1)
εaεb +
+ [Ra, [
1
2
(∂bRc + ∂cRb(−1)
εbεc), (·)]]
)
(−1)(εa+1)(εc+1)+εb +
+ cyclic permutations (a, b, c)
}
. (4.31)
It follows in a similar way that higher λ derivatives of Q˜ do yield all higher quantum
antibrackets,
−(∂a1 · · ·∂anQ˜)(−1)
En|λ=0 = (fa1 , ..., fan)Q = −Sym([fa1 , ..., [fan , Q]...])(−1)
En , (4.32)
where we have denoted
En =
[n/2]∑
k=1
εa2k , (4.33)
Sym(Xa1...an) = S
bn...b1
a1...anXb1...bn, n!S
bn...b1
a1...an = ∂a1 ...∂anλ
bn ...λb1 . (4.34)
It has also been shown in [2, 15], how these equations enable one to derive the modified Jacobi
relations for subsequent higher quantum antibrackets.
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5 Summary
In the present article we have considered a simple non-polarized form of the quantum an-
tibracket algebra (Section 2), and then derived its polarized form (Section 3). Also, we have
introduced a natural parametrization (4.2), and then derived the respective generating equa-
tions (4.26), (4.29) (Section 4). In an obvious way the construction can be extended to cover
all higher quantum antibrackets.
Acknowledgments
The authors would like to thank Klaus Bering for useful discussions. The work of I. A. Batalin
is supported in part by the RFBR grant 17-02-00317. The work of P. M. Lavrov is supported
by the Ministry of Education and Science of Russian Federation, grant 3.1386.2017 and by the
RFBR grant 18-02-00153.
References
[1] I. Batalin, R. Marnelius, Quantum antibrackets, Phys. Lett. B 434 (1998) 312.
[2] I. Batalin, R. Marnelius, General quantum antibrackets, Theor. Math. Phys. 120 (1999)
1115.
[3] Yv. Kosmann-Schwarzbach, Derived brackets, Lett. Math. Phys. 69 (2004) 61.
[4] Th. Voronov, Higher derived brackets and homotopy algebras, J. Pure Appl. Algebra 202
(2005) 133.
[5] A. S. Cattaneo, F. Schatz, Equivalence of higher derived brackets, J. Pure Appl. Algebra
212 (2008) 2450.
[6] I. A. Batalin, I. V. Tyutin, BRST-invariant constraint algebra in terms of commutators
and quatum antibrackets, Theor. Math. Phys. 138 (2004) 1.
[7] I. A. Batalin, K. Bering, Reducible gauge algebra of BRST-invariant constraints, Nucl.
Phys. B 771 (2007) 190.
[8] I. A. Batalin, P. M. Lavrov, Superfield Hamiltonian quantization in terms of quantum
antibrackets, Int. J. Mod. Phys. A 31 (2016) 1650054.
[9] I. A. Batalin, P. M. Lavrov, Representation of a gauge field via intrinsic ”BRST” operator,
Phys. Lett. B 750 (2015) 325.
[10] I. A. Batalin, G. A. Vilkovisky, Gauge algebra and quantization, Phys. Lett. B 102 (1981)
27.
[11] I. A. Batalin, G. A. Vilkovisky, Quantization of gauge theories with linearly dependent
generators, Phys. Rev. D 28 (1983) 2567.
[12] A. Sen, B. Zwiebach, A note on gauge transformations in Batalin-Vilkovisky theory, Phys.
Lett. B 320 (1994) 29.
8
[13] A. Nersessian, P.H. Damgaard, Comments on the covariant Sp(2)-symmetric Lagrangian
BRST formalism, Phys. Lett. B 355 (1995) 150.
[14] M. A. Grigoriev, A. M. Semikhatov, I. Yu. Tipunin, Gauge symmetries of the master
action, J. Math. Phys. 40 (1999) 1792.
[15] K. Bering, Non-commutative Batalin -Vilkovisky algebras, strongly homotopy Lie algebras,
and the Courant bracket, Comm. Math. Phys. 274 (2007) 297.
9
